CONNEXIONS IN DIFFERENTIAL GEOMETRY
OF HIGHER ORDER

BY
WILLIAM F. POHL(?)

1. In a previous paper [10, hereafter cited DGHO] the author studied the
osculating spaces of submanifolds of affine and projective spaces. This led to a
theory of affine and projective singularities (e.g., inflection points, planar points)
which were described by the falling-in-rank of certain vector-bundle homo-
morphisms. This theory he then developed in the complex-analytic case and
obtained generalizations of the Pliicker formulas of algebraic geometry. In his
thesis E. A. Feldman [5] developed the theory extensively for real differentiable
manifolds and obtained transversality theorems and theorems on the nonexistence
of singularity-free immersions. These theorems constitute nearly all that is known
about real affine differential geometry in-the-large in higher dimensions.

The main purpose of the present paper is to generalize the theory to submanifolds
of affinely connected spaces, and following a suggestion of S. S. Chern, to sub-
manifolds of projectively connected spaces. The main features of the affine case
remain the same. To treat the projective case we shall show that every projective
connexion has an underlying affine connexion and that the osculating spaces and
inflection points defined with respect to this affine connexion depend only on the
projective connexion. The geometry of spaces with projective connexion seems to
be the natural setting for many of the main results of Feldman’s thesis.

In reality the generalization to affinely connected spaces has already been carried
out by Feldman. He has developed the theory for a space with affine connexion
together with a further structure which he calls a sequence of dissections or *pth
order symmetric linear connexions.” Qur essential contribution is to show that the
affine connexion already determines the additional structure in a natural way.
As an example of the theory we shall state and prove one of Feldman’s theorems.

The main results of this paper are two theorems on connexions. Let M be a
differentiable manifold and let T}, be the pth order osculating bundle of M, i.e.,
the bundle of linear differential operators of order <p on functions on M. In
DGHO the author established a natural exact sequence

TM):0>T,_,>T,—>O?T;—>0
where O denotes the symmetric tensor product. A pth order dissection in the sense
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of Feldman is essentially a splitting of this exact sequence. We shall show that a
connexion in T3, i.e., an affine connexion on M, induces a pth order dissection and
a connexion in 7, for each p, and that these structures are characterized in a natural
geometrical way.

In §3 we show that a connexion in an arbitrary vector bundle ¥ on M, together
with an affine connexion in M, induce connexions in the derived bundles A,V
and splittings of various exact sequences involving these derivatives. These con-
siderations lead to a new interpretation of the curvature. In the Appendix we discuss
some alternative definitions of these derivatives which have been pointed out by
D. C. Spencer, N. H. Kuiper, and P. Libermann.

The author wishes to thank E. A. Feldman for numerous and fruitful con-
versations on these questions and for pointing out an error in an earlier version of
this paper. He also wishes to thank H. Samelson for stimulating discussions of
these problems.

2. For our purposes we need a new definition of the notion of a connexion
in a vector bundle.

We shall use the conventions of notation and terminology of DGHO through-
out, so that ‘“manifold,” ‘““map,” etc. may be interpreted either as “C®-
differentiable manifold,” “C® map,” etc., or as ‘‘complex-analytic manifold,”
““complex-analytic map,” etc. However, the main interest of our results is in the
real case.

Let ¥V — M be a vector bundle over a manifold M, and let T, denote the tangent
bundle of M. In DGHO the author defined a new vector bundle over M, AV,
called ““the first derivative of ¥, and established an exact sequence

(V) : 00— VA VST, @ V—s 0.

DErFINITION. A splitting of €,(V) will be called a connexion in V.

A splitting of an exact sequence 0 - A4—'B—9C — 0 gives rise to maps
w: B— A and #: C — B satisfying the conditions nf=id. and g#=id., and con-
versely a map = or # satisfying the respective condition determines a splitting. It
will be convenient for our purposes to call = itself the splitting. We shall call #
the map associated to =.

PROPOSITION 1. The definition of ““ connexion” above is equivalent to the standard
definitions.

Proof. Let 7~ be the sheaf of germs of sections of ¥, 9, the sheaf of germs of
tangent vector fields, 2 the sheaf of germs of differentiable (or holomorphic)
functions, and % the sheaf of germs of constant functions. Recall that
MV =YV DT, Q¢ ¥ |R, where Z is the D-subsheaf generated by all elements
of the form —D(f)b (D Qfb—fD Qb). Let ¢: ¥V @ T, Q¢ ¥ — A ¥ be
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the canonical projection. Iy(@) =g(a @ 0), so a Z-homomorphism = : A, ¥ — ¥ isa
splitting of &,(¥") if and only if =mg(a @ 0)=a. Hence to give a splitting of &;(¥")
is to give a map V: I, Q¢ ¥ — ¥ subject to the conditions

1. Vxoxb=Vyb+Vyb,

2. V,xb=fVyb,

3. Vx(b+b)=Vyzb+ Vb,

4. Vifo=X(f)b+fVxb
(where we have written Vb for V(X ® b)). These are the basic properties of the
covariant derivative for a connexion in a vector bundle [8, pp. 113-116].

Suppose given a map V as above. Let U be an open set of M over which there
are n sections S%, ..., S™ of V, which span the fibre and are linearly independent
at each point. We define a matrix-valued one-form in U by the equation
> 0i(X)S'=V4S’. If W is an open set with sections 77, ..., T" as above, with the
transition law S*'=> fiy,T, and 6 the one-form defined as above with respect
to the T’s, we derive the law of transition

05(X) = Z X(fleo)fows+ ; S 008X f Bz

which we may rewrite as
Zﬁ{'mo’k = dfv’fur"va’fuzof-

But to give such a collection of forms subject to this transformation law is just to
give a connexion (in the standard sense) in the bundle ¥, according to Chern [3].
Conversely, given a collection of forms as above, we may define V by

V(D £i8Y) = 2 (Xf)S'+2 6i(X)S’.

It is easy to. check that V; is independent of the coordinate system for ¥V and
satisfies the properties 1-4 above. This completes the proof of Proposition 1.

In this connection we seek a new expression for the curvature, which according
to Chern [3], is a collection of matrix-valued two-forms in local coordinates defined
by

Ol = dbj+> 65 A 6,
k

and satisfying the transformation law ®y=ad (gyw)®w, Which is to say that they
constitute a globally defined two-form with values in the bundle of Lie algebras,
End V. By standard formulas [11],

D OL(X A Y)ST = {dOUX A Y)+D 05 A B (X A Y)}S’

- jZk{—Oi([X, Y1)+ X(6(Y))— Y(EX) +

PBX) O(Y)
ox) oY) }S ’

= - V[x,y]sl + VxVySi— VnyS‘.
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3. Suppose given a commutative diagram

R
A A 0
A
L

0

with exact rows and columns. Let @: C — B be a splitting of the middle row. Then
we call the composition 4 — C — B, which is an element in Hom (4, B), the
obstruction to splitting the bottom row.

LeEMMA 2. 1. A splitting o: E — B of the bottom row of 1 gives rise to a splitting
7w C — E — B of the middle row of 1 with obstruction equal to zero.

2. A splitting of the middle row of 1 with associated map D — C, and a splitting
of the right-hand column with associated map F— D gives rise to a splitting of the
bottom row with associated map F — D — C — E.

3. A splitting of the middle row of 1 with obstruction equal to zero induces a
splitting of the bottom row.

Proof. Elementary diagram chasing.

Let V be a vector bundle over a manifold M. Recall that in DGHO the author
defined new vector bundles A,V and A,V, for each positive integer p. These were
related by the commutative diagram with exact rows and columns

0 0
0 —kersy,,; —> ker o, —0
II 0—>AYV— A,V —TQO’T; ® V—>0.

l 11 ll

0—>AV—> A V—> O*"'ThQV —0
! J !
0 0 0

If p=1, the kernel of o, is Ty A T; ® V, and diagram II may be changed to the
commutative diagram with exact rows and columns.
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0 0

) |

00— TZTATL QV—>T1 AT, V——>0

! | !

111 0O—s V—s AV — AViV ——0.
J ! !

0O— V——> AV — AVV  ——0
J ! |
0 0 0

Now let &: A; ¥V — V be a connexion in V. In DGHO it is shown that the product
connexion in the product bundle @,: A,J* — I" induces splittings @,: A I* — I™.
The construction was recursive and for p=2 did not depend on any property
peculiar to the product connexion. The argument shows that the connexion
@: A,V — V induces a splitting @5: A,V — V, of the middle row of III.

PROPOSITION 3. The obstruction of &3, in diagram 111, which is a cross-section of
Hom (T, AT, Q V,V)=T% A T¥ ® L(V), i.e., a two-form with values in the bundle
of Lie algebras associated to V, is the curvature of the connexion &.

Proof. The map i: T, A T, ® V — A,V of diagram III is given by

(EANFQRe) =rq(q@id. Q@) PEQODF ®e)
—-0OFQODPER®e) —O0D[E FI1Q (e DO
(cf. DGHO, p. 186). Hence, by an elementary computation,
@9i[E A F @ €) = (VeVr— VeV — Vg n)(e),

which is the curvature, by the formula at the end of the previous section. Q.E.D.
The right-hand column of III may be embedded in the commutative diagram
with exact rows and columns

0 0
J J
0 —_— eV — T,V —0

! ! !

IV 00— TN, QV—> AVIV —— ANVIV ——0.

) ! !

00— TN AT QV—T QT QV—>T, OT,  V——>0

! ! !

0 0 0
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The bottom row of IV has a natural splitting induced by the alternation map,
which induces a splitting of its middle row. This splitting, together with &3, induces
a splitting of the bottom row of III, by Lemma 2. But if one attempts to continue
the process to find a map @j: A;¥V — V he encounters the curvature as an
obstruction, as may be seen from the computation at the top of p. 193 of DGHO.

PROPOSITION 4. A connexion in V, together with a connexion in T, induces a
connexion &, in A,V and a splitting o, ., of the exact sequence

Cora(V):0=>AV—>A, 1, V—> O T, @ V-0,

Jfor each p=0.

Proof. We proceed by induction. Let £,:A;AV=A,V—V be the given
connexion, and let 0o =id.: Ay ¥'=¥V— V. Now suppose that ¢, and o, are already
defined. Then the map associated to o,, 6, gives rise to a splitting

OMT, @V T, QV—-T,® O T, @ V=_% T, @A,V

of the right-hand column of the commutative diagram with exact rows and columns

0 0

! !

0 —kerp,,., —> kerp,,;, ——>0

! } !

\% 0——> AV —> AAYV —> T, @A,V —>0

Lo 1l

00— AV —— AV —> O ' T, Q V——>0

! ! !

0 0 0

(cf. DGHO, p. 186, for definition of pu,.,). This splitting, together with the con-
nexion £,, gives rise to a splitting 0,,,: A,V — A,V of the bottom row of V,
which gives rise to an isomorphism A, ., VAV @ O°**T, ® V. But O*?* T,
is algebraically associated to T, and therefore has a connexion induced from the
given one. And a connexion in each of two bundles induces connexions in their
direct sum and tensor product according to Chern [3]. Therefore £, and the given
connexions induce a connexion ¢, ., in A, ., V. This completes the proof.

4. In studying the relations between the osculating bundles of higher order
and the various derivatives of the tangent bundle of a manifold M the author
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defined a vector-bundle homomorphism e, of A;T,_; onto T, (cf. DGHO, Propo-
sition 3.20), and showed, furthermore, that the &’s give rise to a mapping of exact
sequences €,(T,_;) — T,. For p=2 this gives the commutative diagram with exact
rows and columns

0 0

} }

0 — T AT,—>T, AT,——>0
! | “|

VI C,TY):0—T,—— AT, — T, T, ——0.
R

$2(M):0——>T1'——> T2 _>T10T1_‘>0

Lo !

0 0 0

PROPOSITION 5. If 6: AT, — T, is a connexion, the obstruction to splitting the
bottom row in V1, which is a cross-section of Hom (Ty A Ty, T))=T¥ AT¥ Q T, is
the torsion tensor of &.

Proof. The kernel of ¢, consists of all elements of the form
q(—[E,FI®OEQ® F-FQE).

Hence @i(E A F)=VgF—VzE—[E, F], which is a standard formula for the torsion
tensor [8, p. 133]. Q.E.D.

A connexion in T, is called symmetric if its torsion is zero. An arbitrary con-
nexion in T, gives rise to a symmetric connexion called symmetrization of the
given connexion, as may be seen in two ways. First, if I'%; are the classical com-
ponents of a connexion, the components of the symmetrization are 3(I'%,+I'})).
Alternatively, we observe that the right-hand column of VI splits naturally, so that
a splitting of the middle row (i.e., a connexion in T3) induces a splitting of the
bottom row, by Lemma 2. But the induced splitting of the bottom row induces,
in turn, a splitting of the middle row with obstruction (i.e., torsion) zero, again by
Lemma 2. This last connexion is the symmetrization of the given connexion. If
V is the covariant derivative for a connexion in T}, the covariant derivative for the
symmetrized connexion is

VY = 3(Vx Y+ Vy X+ [X, Y).

Also we see that the splittings of T,(M) are in one-one correspondence with the
symmetric connexions in 73, which is a principal result of several previous
publications [1], [4], [6].
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We shall say that a construction based on a connexion is independent of the
torsion if it remains unchanged when the given connexion is replaced by its
symmetrization. An example is the induced splitting of T,(M) discussed in the
previous paragraph.

As we have already observed, a connexion in a bundle induces a connexion in
any algebraically associated bundle. For the case of the tensor product the co-
variant derivative for the induced connexion takes the form

Vy(X; ® Xp) = (VyX1) @ X+ X; @ VyX,.

It follows that the covariant derivative for the induced connexion in the symmetric
product takes the form Vy(X; O X3)=(VyX;) O Xo+ X, O Vi Xo.

If £, is a connexion in T; we shall denote the induced connexion in O? T; by
£8. This induced connexion has a certain symmetry property. Let V, V' be the
covariant derivatives for ¢ and £, respectively, where £’ is the connexion in
QP T, induced by the symmetrization of &;. Then

Z VS{,(]_)(XG’(2) O' o O XU()’)) = Z an(l)(XU(2) O' o O Xﬂ(P))’

where the sum extends over all permutations o of {1,..., p}. To prove this we
observe that >, V, (X2 O- - O Xop) is the sum of two expressions, namely

32> Xo O O Viy(y(Xow) O Xowin, O+ O Xowr)
g i

+ X2 O+ O Vi, (,(Xow) O+ O Xogny
and

‘% z z Xa(z) O---0O [Xa(l)a Xa(ﬁ)] O---0 Xa(p)'
[

The first term is just 3, Vx, , (Xo@ O- -+ O Xoq)), as we can see by changing the

order of summation and then permuting 1 and i in the second summand. The

second term is both symmetric and anti-symmetric in its indices, so it vanishes.
Let T,,(M) be as before, p > 1, and define T, =0and T,(M): 00— T, — T, —0.

THEOREM 6. An affine connexion ¢, in M induces a unique connexion ¢,: A, T, — T,
in T, and a unique splitting 0,: T, — T,_; of T,(M) for each p>0 satisfying the
conditions

(l) fp = fp - 1A10p + 5P§II’A1Pp,

1
0f(X1 X+ Xp) = X1 Xp- - X,,—EZ Yo Xow

@ Z 0p-1V%,,(Xa@ O+ O Xo)

+L
P
1
—z o0-1(Xo@ "+ Xoww),
5
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where the X, are vector fields, where the sums extend over all permutations o, and
8, is the map associated to o,.

Proof. Let 0, =0. The uniqueness statements follow by an induction from (1)
and (2).

To prove existence we proceed by recursion. The splittings o, and ¢, are already
defined. Assume we have already defined £,_, and o,_;. We have (by DGHO,
Proposition 3.20) the commutative diagram with exact rows and columns

VII 0 Tp-q ANy s — T Ty, ——0.
Lol

0 Tp-1 I, — O*T, ——0
! ! !
0 0 0

Then o,_, induces a splitting p: O? T, - ®* T;, - T, ® T, of the right-hand
column of VII, and this, together with ¢, _,, the given splitting of the middle row,
induces a splitting o, of the bottom row, by Lemma 2. This splitting induces an
isomorphism T,>T,_, @ O? Ty, so that £,_; and & induce a connexion £, in
T,, whose analytic expression is just (1).

By Lemma 2 o,(X; - X;)=X; -+ X,—e,,_1pPy(X1 - - - X,), where £, _, is the
map associated to £,_,. But this is, by a simple computation,

1
o0 (Xy - Xp) =Xy X»"ﬁz Xowy * Xo
1
+E Z Xo1)0p-1(Xoea " * * Xoery)
1 o
+212. Vaawp-1(Kom O+ O Xucp).

But it follows from condition (1) that
Vx,u)ap-l(Xa(Z) O---0 Xo(r)) = 5p-1VXo(n(Xd(2) O---0 Xo(p))-

Condition (2) now follows and this completes the proof.
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THEOREM 7. An affine connexion ¢, in a real differentiable manifold M induces a
splitting o,: T, — T, _, of the exact sequence

T,M):0>Tp ,>T,— OPT; >0

for each p, which is independent of the torsion and is uniquely characterized by the
condition that if x4, . . ., x, are affine normal coordinates centered at a point x € M,
then 0,(0°[0x;, - - - 0x;,) =0, for all iy, . . ., i,.

Proof. Since the fibre of T, at x is spanned by T}, _; together with all operators
of the form 0?/dx,, - - - 9x,, (DGHO, Lemma, p. 178), the splittings o, are uniquely
characterized by the conditions of the theorem.

To prove the existence, we show that the splittings o, in Theorem 6 satisfy the
conditions of the present theorem. First we show independence of the torsion by
induction on p. For p=1, 0, =0 and there is nothing to show. Assume that o,_;
and hence d,-; are independent of the torsion. Then in condition (2) of Theorem
6, we see that the first, second, and fourth terms on the right are clearly independent
of the torsion, and the third term on the right is independent of the torsion by the
symmetry property of the induced connexion in OPf T; previously established.
Hence o, is independent of the torsion, as asserted.

Let C(?) be a geodesic in M. We claim that 0,(d?/dt*)=0 on C. Again, we prove
this by induction on p. For p=1 there is nothing to prove. Assume that
0,-1(d?~t/dt?~1)=0 on C. Then extend d/dt to a local vector field on M and apply
condition (2) of Theorem 6. The first and second terms on the right cancel one
another, and the third is zero on C since d/dt is by definition parallel along C and
hence so is d/dt O- - - O d/dt. The fourth term is zero, since o,_,(d?~*/dt?~1)=0
on C. Hence 0,(d?/dt?)=0 on C, as asserted.

Now let x4, ..., x, be affine normal coordinates on M centered at x. The con-
dition defining such coordinates is that the curves x; =ayt, . . ., x, =a,t be geodesics,
where the a; are constants. For these curves

drjdt” = > ay, - - @y, 8°[ox,, - - Ox,,.

The coefficients a;, - - - @;, (i1 < - -+ <i,) satisfy no linear relation (DGHO, p. 178),
and hence for each sequence iy, .. ., i,, there are geodesics C,(?,) through x such
that

0°[0x;, -+ - 0x,, = > by d?/dt?.
i

But 0,(d?/dt?)=0. Since o0, is a vector-bundle homomorphism,
0,(0%[0x;, - - 0x;,) = 0,

and this completes the proof.
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Related to our characterization of the splittings o, is a property of the induced
connexions ¢, of Theorem 6. Namely, if C(¢) is a geodesic, then d?/dt? is parallel
along C. To prove this we observe that condition (1) of Theorem 6 implies that

Vy(d?|dt?) = Vio,(d?dt?)+6,V(d|dt O-- - O djdt),

where we have written V, for the covariant derivative along C. The first term on the
right vanishes, since 0,(d?/dt?)=0 on C, and the second vanishes by the parallelism
of djdt.

5. We shall next define and study the osculating spaces to a submanifold
of an affinely or projectively connected manifold.

DEerINITION. Let f(¢) be a curve in an affinely connected manifold M. Let
X1, . .., X, be affine normal coordinates centered at f(#,). The osculating space of
order p to f at ¢, is the linear span, in the tangent space to M at f(t,), of >, x; 8/0x,,
> x{ 0lox,, ..., > x{P 0/ox,.

It is not hard to show that this definition is independent of the choice of affine
normal coordinates and of the parametrization. Note that the osculating space of
order one is just the tangent space, and that the condition for a curve to be a
geodesic is that its osculating space of order p coincide with its tangent space at
each point.

DEerFINITION. Let f: K — M be a differentiable mapping of a differentiable mani-
fold K into an affinely connected manifold M. The osculating space of order p to
f at t, € K is the linear span of the osculating spaces of order p to curves on K
through #,.

These definitions agree with those given in DGHO for ordinary affine spaces.
Let o, be the splitting determined by Theorem 6, and let

@y = 050,71 0g: Ty(M) — T1(M).

At the center of an affine normal coordinate system this map agrees with the map
&, introduced in DGHO. Generalizing Proposition 2.3 (DGHO, p. 178) we have

THEOREM 8 (UNIVERSAL OSCULATION PROPERTY). Let f: K— M be a map of a
real differentiable manifold K into an affinely connected manifold M. Then
@, d°f: T(K) — T1(M) maps onto the osculating spaces of order p, where d*f is the
pth differential of f (DGHO, p. 177).

DEFINITION. By an affine degeneracy of order p of a map f: K — M of a manifold
K into a space with linear connexion M, we mean a point of K at which the rank
of @, d?fis less than the minimum of the fibre dimensions of T,,(K) and T,(M).

Let us now give the projective generalization of these ideas. For the theory of
projective connexions we refer to Kobayashi and Nagano [7]. Two symmetric
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affine connexions are said to be projectively related if they induce the same pro-
jective connexion. It is shown that two such connexions with components I'f,
'T'%, respectively, are projectively related if and only if there is a linear differential
form with components ¢, such that

‘Tl = Tij+ 84+ 8.

Two symmetric affine connexions are projectively related if and only if they
determine the same geodesics up to changes of parametrization.

PROPOSITION 9. Any projective connexion on a paracompact manifold M arises
from a symmetric affine connexion.

Proof. Locally this is an easy consequence of statements in [7]. (Principal bundles
P2(M)|GY(n) - M and P2(M)/H*(n) — M and a natural mapping

$: P2(M)/|G*(n) — P*(M)|H?(n)

are constructed such that the diagram

P2(M)|G () ——> P*(M)/H(n)

NS

M

is commutative. Cross-sections of P2(M)/G'(n) — M are in one-one correspond-
ence with symmetric affine connexions, and cross-sections of P2(M)/H?%(n) - M
are in one-one correspondence with projective connexions. If I' is a cross-section
corresponding to an affine connexion, then #I" corresponds to the induced pro-
jective connexion. Now ¢: P2(M)/G*(n) — P2(M)/H?(n) is a principal bundle, and
it has a local cross-section 6. If P is a cross-section corresponding to a projective
connexion, §P corresponds to an affine connexion inducing P.)

The proposition in its global form can now be proved easily using sheaf theory.
Suppose M has a projective connexion P. Let {U, V, ...} be an open cover of M
by coordinate balls and choose a symmetric affine connexion ,I'}; in each U which
induces P in U. In each U N V, ,I'}; and ,T'}; are projectively related. Hence there
is a one-form ¢V in U N V such that ,I'— ;T =8¢V + 8%V, This defines a
l-cocycle on M with coefficients in &, the sheaf of germs of differentiable tensor
fields of type (1, 2) of the form &F¢;+ 8%¢p;. Now the sum of two such tensor fields
is again such, and so is a scalar multiple. Hence ¥ is the sheaf of germs of sections
of a vector bundle. By a well-known theorem of sheaf theory H(M; &)=0. Hence
S¥pYV + 8%4PV is a coboundary, which implies that we can assign to each U a
one-form ¢7 such that 8¥¢Y + 8%¢p) — (8¥¢Y + 8¥dY) = 8FdYY + 8447, The connexion
with components yI'f; —(8f¢7 + 8%¢/) is projectively related to ,I'}; and agrees with
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vIE— (8¥4Y + 8%¢Y) in U N V. This determines a symmetric affine connexion in M
globally which induces P. Q.E.D.

PRrROPOSITION 10. Let M be a manifold with two symmetric affine connexions, ¢
and ¢, which are projectively related. Then if - K — M is a differentiable map, the
osculating spaces of order p to f with respect to ¢ are the same as those with respect
to &'.

Proof. Since osculating spaces are spanned by osculating spaces to curves, it
suffices to prove the proposition for curves. We shall make use of Theorem 8,
and so we begin by studying the splittings o, and o, induced by £ and ¢ respectively
(Theorem 7). Let &,=o0, - - - 0, and &, =0, - - - 05.

Let C be a path in the sense of either connexion and let ¢, s be affine parameters
on C with respect to ¢, &', respectively. Then &,(d"/dt")=a,(d"[ds)=0 on C, by
the proof of Theorem 7, for 1 <r=p. But

dr des d & dar
T T

for some functions a,, by the chain rule. Hence
@p(d®[dt?) = (ds/dt?)(d|ds) = (d*s[dt)(dt|ds)(d]dt),

which is a multiple of the tangent vector of C.

Now let x,, ..., x, be affine normal coordinates in the sense of ¢ and centered
at x € M. As we saw in the proof of Theorem 7, &"/0x;, - - - 0x;, can be written as a
linear combination of operators d?/dt?, where C,(t,) are geodesics (in the sense of
£) through x. This is an algebraic result, and by considering a suitable subspace we
find that these geodesics can be so chosen that their tangent vectors are linear
combinations of 9/0xy, k € {iy,- .., i}. It follows that @,(0"/0x,, - - - 9x,,) is a linear
combination of 9/0x,, ke{iy,..., i}

Let f(¢) be a curve on M through x. We shall prove the proposition by induction
on p. Since the tangent line is defined without respect to a connexion, there is
nothing to prove for p=1. Assume the proposition for p—1. Then let g be the
dimension of the osculating space of order p—1 at x, and by making an affine
change of coordinates if necessary, assume that this space is spanned by 0/x;, . . .,
0/0x, at x. It follows from the definition that in these new coordinates

xz = x;’ —_— e = xgp'l) . 0’
for i>q. Now d?/dt? is the sum of 3 x{® &/ox, and terms of the form

ar

(J1) ()
X oo X ——
i1 ir ox;, - - - 0x;,

, 0<js<p, l1<r=p,
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and these last vanish unless i, ..., i,<q. Hence

Gp(d?|dt?) = > x{P 8/ox, (mod 8/ox, . . ., 8/dx,)

and hence
D xP 8Jox, = @,(d?|dt?) = @,(d?dt?) (mod 8/ox,, . . ., 8]dx,),

and by Theorem 8, the osculating spaces of order p agree at x. This completes the
proof.

Let M be a manifold with projective connexion P and let f: K — M be a differen-
tiable map.

DerINITION. By the osculating spaces of order p to f we mean the osculating
spaces of order p to f with respect to some (and hence to any) symmetric affine
connexion inducing P.

It is natural to ask under what circumstances affine and projective nondegenerate
maps exist. Much progress on this problem has been made by E. A. Feldman [5]
who has also given a number of examples of situations in which such maps do not
exist. He has shown, in particular, that the real projective plane admits no
immersion in R'° without affine degeneracies of order three. We generalize this
as follows.

Recall that a spin manifold is a differentiable manifold with vanishing second
Stiefel-Whitney class.

THEOREM 11. Let S be a spin manifold of dimension 10 provided with a projective
connexion. Then the real projective plane admits no immersion in S without projective
degeneracies of order three.

Proof. Let f: P2 — S be a differentiable map. Provide S with a symmetric affine
connexion underlying the given projective connexion. If f were free from affine
degeneracies of order 3, then @gd®f: T3(P2) — T,(S) would be injective on each
fibre. Since T5(P?2) has fibre dimension 9, this would imply the existence of a line
bundle L such that T5(P?) @ L~ f'T(S), where f* denotes the inverse image of
bundles. Now T3(P2) =T (P?) ® O? T1(P?) @ O® T1(P?). Recall that the Stiefel-
Whitney class of P2 is 1+«+a«2, where « is the generator of H(P2?;Z,). Let
w(L)=1+8. Then, by an elementary computation using the product formula for
Stiefel-Whitney classes and Proposition 3.24 of DGHO, we find that w(T3(P?))=
1+e® and hence W(T3(P2) @ L)=1+8+0c2 But wy(f'Ti(S))=f*(wx(T(S)))=0,
since S is a spin manifold. Hence T5(P2) @ L is not isomorphic to f'T;(S), which
is a contradiction. Q.E.D.

A noteworthy feature of this theorem is that though the notion of nondegeneracy
depends on a connexion in S, the theorem is true for any connexion and depends
only on the topological structure of S.
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We wish to mention, finally, that the theory of osculating spaces of submanifolds
of affine spaces admits a generalization different from that studied above. We could
define the osculating space of order p to a curve in an affinely connected manifold
to be the linear span of X, VX, VxV,X, ..., V& 1X, where X is the tangent field
of the curve. Extend to higher-dimensional submanifolds as before. It is not hard
to show that these osculating spaces depend only on the projective connexion
derived from the given affine connexion. These osculating spaces agree with those
studied above in orders 1 and 2, and in order 3 if the affine connexion is symmetric.
It appears that the two theories diverge, in general, in order 4 and higher if the
curvature does not vanish.

6. Appendix. H. Samelson and D. C. Spencer have indicated to us an alter-
native definition of A, V, as follows.
Atiyah [2] has defined an exact sequence

0—-EndV—>Q—T,—0.

Tensoring with V' and letting K=Kker ¢, where ¢: (End V) ® V — V is defined
by #(¢ ® v)=¢(v), we get a commutative diagram with exact rows and columns

0 0
! !
0——> K —_— K —> 0

! ! !

0—>EdV)QV—> 0@V —>T, ® V—>0.

l ! !

0—— vV — Q0 QRQVIK—>T,  V—>0
! ! !
0 0 0

We may define A, V=0 ® V/K.

N. H. Kuiper had indicated another definition of A,V. Let ® be the space of
local functions which are linear on the fibres of ¥ and let L? be the space of p-jets
of such functions at the zeros of V. Let (A, V)|,=Hom (L?|,, F), where F is the
base field. In other words, let (A,77)|. be the subsheaf of Hom (V*|,, F) consisting
of operators of the form

7 0% oP
z Sk+z a; a—xl S,+Z a;; m—j SH+ .o +Z ai, ..., m Sil"'ip’

where the S’s represent sections of V. The functoriality, the exactness of the sequence
€,(¥), and the realization theorem follow quickly.
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Though the complications of defining A,V by generators and relations as in
DGHO may now be avoided, the relations worked out there between various
bundles, as well as the analytic expressions, are still useful, as the present paper
demonstrates.

The new definition appears to diverge from that of DGHO in the case of coherent
sheaves, though at present we know of no application of the greater generality.

For another definition, as well as further discussion, the reader is referred to
Libermann [9].
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